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VERTICAL MOTION OF A BODY OF REVOLUTION IN A STRATIFIED FLUID

I. V. Sturova UDC 532.59

When a body moves in an inviscid fluid with a nonhomogeneous density, the effect of stratification
on the hydrodynamic loads manifests itself through variable hydrostatic forces, additional forces caused by
energy consumption for generation of internal gravity waves, and through the instantaneous response of the
fluid to the external action, i.e., the response of the non-gravity fluid. Most theoretical results on motion of
a body in an incompressible stratified fluid have been obtained within the framework of the linear theory
of waves. The horizontal motion of a submerged body at constant velocity, when this problem is considered
stationary, and small steady vibrations of a body with and without uniform horizontal motion have been
studied most thoroughly. For motion of a body in an arbitrary direction in a fluid with a variable density
gradient, one should solve a nonstationary problem. At present, the studies along this line have been primary
devoted to the vertical motion of a body through the interface between two media and to the particular case
of motion of a body to the free surface of a homogeneous fluid (see [1-8]). In some papers, the generation of
internal waves localized near the interface is called transient radiation.

The difficulties of the exact solution of flow problems are often eliminated by an approximate simulation
of a body by a system of mass sources and sinks taken from the theory of a homogeneous unbounded fluid.

In this paper, we consider the uniform vertical motion of a slender body of revolution with a density
distribution in the form of a pycnocline. A sharp pycnocline is modeled by a two-layer fluid, and a smooth
pycnocline is modeled by a three-layer fluid with an exponentially stratified middle layer and homogeneous
upper and lower layers. The body begins to move at constant velocity far from the pycnocline, crosses it, and
moves upward by a great distance. The problem is solved both with and without the Boussinesq approximation.
In the latter case, the load occurring upon motion of the body in a non-gravity fluid is determined. The effects
of body shape and velocity on buoyancy forces, and the effects of pycnocline thickness and density difference
are also studied.

1. Field of a Point Source. The small motions of an initially undisturbed, incompressible, inviscid,
stratified fluid in a uniform gravity field in the presence of a mass source with density poQ(x,t) in Cartesian
coordinates x = (z,y, z) with the z axis directed vertically upward are described by the following system of
linear equations:

po%l:-+Vp+F=0, %%
Here u = (u,v,w), p, and p are the perturbations of the velocity vector, pressure, and density, po(z) is the fluid
density in the undisturbed state, F = (0,0, gp) is the density vector of the mass forces, g is the acceleration of
gravity, the prime denotes differentiation with respect to z, and ¢ is time. The boundary and initial conditions
are as follows: u,p — 0 (|x| = o0) and u = p =0 (¢t = 0).

For an arbitrarily moving point source, we have Q(x,t) = ¢(t)é(x — Y(¢)) [¢(t) = 0 for ¢t < 0], where §
is the Dirac delta function, Y(t) = (y1(t),y2(t),y3(t)), and x = Y(¢) is the motion path of the source.

System (1.1) can be reduced to one equation for the vertical velocity component w(x, t):

2 3
% [g;(po%l-:-) + polaw| + po N Agw = 52_6;(/)0Q)' (1.2)

+pp(2)w =0, divu=Q(x,t). (L.1)
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Here N(z) = \/—gpy/po is the buoyancy frequency and Ay = 0%/0z® + 8%/8y® is the horizontal Laplace
operator. The remaining quantities can be expressed in terms of w by means of the relations following from
(1.1). In particular, the pressure calculated ignoring hydrostatic forces is equal to

40 /0

To determine the desired quantities, we perform a Fourier transform with respect to the horizontal
variables z and y and time ¢:

o< o0 o0
walp, v, z,w) =/e""t dt / e " dr / e "Yuw(x,t) dy.
0 —-00 —00

Then, the Fourier transform of the vertical velocity w, is described by the equation

N2
(pow::)’ - pokz(l - w_z)w' = (pOQt)’v k= /1'2 + Vza (1.4)

whose solution is expressed in terms of the Green function G(k, z,{,w) subject to the equation

2
(0GY — k(1= 2 )0 = (=~ (15)

and the boundary conditions G — 0 (|z] — o). Following [6], the function G can be represented as the sum
of two terms: G(k, z,£,w) = Go(k, z,€) + Gi(k, z,£,w), where Go(k, 2,£) = wli_.nolo G(k, z,€,w) does not depend
on w and is the solution of the equation

(P0G — pok?Go = 8(z =€), Go—0 (jz] - oo). (1.6)

The function Gp defines the instantaneous part of the fluid response to the external action and describes the
part of the disturbance field that is carried away by the moving source and corresponds to the non-gravity
fluid, i.e., to the zero vector of the mass forces F in (1.1). The remaining part Gi(k,z2,£,w) is a delayed
response and describes the internal waves localized near the density variation levels. The function G; is a
solution of the nonhomogeneous equation
N? k?
2 2
(p0GY)' = pok? (1= =5 ) G1 = =50 NG, (L.7)

and it vanishes as |z| — oo.

The solution of Eq. (1.7) can be represented as an expansion in the eigenfunctions of the following
eigenvalue problem:

(poWo') — pok*(1 = N2 W)W, =0, W, =0 (|z| = o). (1.8)

The spectral properties of this problem have been well studied (see, for example, [9]). The spectrum
w2(k) is positive and discrete with stable stratification N(z) > 0 over the entire range of depths and nonzero
N(z) only on a finite interval. The eigenfunctions W,(z) are orthogonal and normalized:

o0

/ po(2) N2 (2)W2(z) dz = 1. (1.9)
As a result, for G; we have
Gi =Y Fa()Wa(2)
n=1
Here
%2; T 2
Fa&) =~ | PN 0Goln, OWa(a) dn
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where A is a small positive constant.
Knowing the Green function, one can determine the Fourier transforms of the vertical velocity w, and
the pressure p,, taking into account (1.3):

00 . ‘ 0G
w, = _O/q(r)exp [lwr — i(pyi(7) + vy2(7))] [po(ogf_h:ys(r) o
” o0 ‘ . %G
Py = "ﬁ/’o(z) 6/ q(7)exp [twr — i(uy1(7) + vy2(7))] [po(ﬁ)g;gg oz 6)]£=y3(f) o

To the division of the Green function into two parts corresponds the following representation for the
Fourier transform of the pressure: p, = p®+p!. In this case the first term p? describes the pressure perturbation
in the non-gravity fluid and vanishes when the source is shut down:

. o0
w
Py = -;gpo(Z)/q 7)exp [iwr — i(py1(7) + vy2(7))|M(z, ys(7))dr (1.10)
; .

(62,6 = i 322 + 2~ )]

The second term is the wave part of the pressure perturbation and does not vanish with shutdown of the
source:

*Gy

—_— dr.
328{] E=y3(r) T

pl= —Z—L;’po(z)/q(r) exp [iwr — i(py1(7) + vya(7))] [Po(ﬁ)
0

Performing the inverse Fourier transforms

1 o0 o0 o0
P=3%73 / e "“duw / e'** du / e'"¥p, dv
we have p = pg + p1, where

() = B8 Do) [ yhn(i)) Mz, 350,
0

(1.11)

”3(:)! o olas(r ) Tk (1) S cosunlt = rIWi(e >/ P05

n(x,t) = - W (n) dn;

§=y3(r)

£

r(¢) = [(z = 11(O))? + (v — y2(¢))?]"/?, and Jp is a zero-order Bessel function of the first kind.

This solution can be somewhat simplified for a weakly stratified fluid by introduction of the Boussinesq
approximation. In this approximation, the density difference from the constant value p; = po(0) in the
equations of momentum conservation is taken into account only in the terms describing buoyancy, and, in
inertial terms, the actual density is replaced by p;.

In the Boussinesq approximation, Eq. (1.2) takes the form

82 33
ot i N*bqw = atzgz’
where N = \/—gpj/ps is the buoyancy frequency and A is a three-dimensional Laplace transform. In relations
(1.3), po(z) should be replaced by p,. Similar changes should be performed in relations (1.4)-(1.9). In this
case, Eq. (1.6) has a simple solution that corresponds to a homogeneous fluid: Gy = —e~*12=¢1/(2p,k). After
integration in (1.11) we obtain the following result, which is well known for an infinite homogeneous fluid:

po(x,t) = 47rat(q(t)) [r} = r(t) + (z — ya(2))?].
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The simplest example of a stratified fluid is a two-layer fluid consisting of layers of different density. In
the more general case, the sharp density jump between the layers can be replaced by a layer with continuously
varying density (three-layer fluid). Below, we use the solutions obtained for theses models of fluid stratification.

2. Two-Layer Fluid. In the undisturbed state, the upper layer with density p; occupies the region
z > 0, and the lower layer with density p; = (1 + €)p1 (¢ > 0) occupies the region z < 0. The particular
case of this fluid for ¢ — oo is a semi-infinite homogeneous fluid with a free surface.

Using the results of [6], we describe briefly the solution of the problem in this case. The fluid density
in the undisturbed state is conveniently written as pg(z) = ps(1 — v sgn z), where p; = p1(2 + €)/2 and
v =¢€/(2 + €). The solution of Eq. (1.6) has the form

1 [ ~k|z—¢] —k(|z|+|e|)]
- e b sgn ¢e .
kp0(6) vsgnt

The eigenvalue problem (1.8) has a unique solution, since a single wave mode exists in this fluid: W; =
e~k 1\ /25p,, w1 = /GF, and g = ~g. Hence, the solutions for pg and p; in (1.11) are written as

_ o) DL, s ]
po = 4r at q(t)(rl + r2 ) ’

GO(ka Z’E) =

t oo
pL= gp",(,z) sgn = [ q(r)[sgn (va(r)) =l dr [ ko(kr)e ™ I=HOM cos oy (1 — 7) di (2.1)
0 0

ri =1+ (2l + lys()))?)-

The velocity potentials in each layer with unsteady motion of a source in a two-layer fluid are determined
by He et al. [10]. The pressure calculated from the velocity potentials coincides with that given in (2.1).

3. Three-Layer Fluid. In the undisturbed state, the continuous density distribution with constant
values of p; in the upper layer z > H, with constant values of p2 in the lower layer z < —H, and with an
exponential variation in the middle layer with thickness 2H has the form

p=ped (2> H),
po(z) = ¢ pse™** (Izl < H), (3.1)
p2 = pse®l (z < —H).
The buoyancy frequency is different from zero only in the middle layer, in which it has a value N = ,/ag. For

convenient comparison with the results for a two-layer fluid, we indicate the relation a = In(1 + ¢)/2H.
In this case, Eq. (1.6) has constant coefficients, and its solution is conveniently written as

Gy { —w1(2)w2(€)/D (z > §),
—wi(§w2(2)/D (z <),

where w1 (z) and wy(z) are two linearly independent solutions:

e—kz, ezaH(bgekz _ ble—kz) (z > H),
(wi,w2) = { a1e"* + aze"??, c1e1? + cpe?? (lz] < H),
bieF? + bpek?, k2 (z < —H).

Here ay = —(k+72)e“'H(71+k)/2u, ag =(m+ k)e"H("T"k)/Qu, by = afe~2n —e'2H71)/4p, by = e‘sz[(k-i-
we 2 (u—k)e M /2u, ¢) = (k—m)ef =8 /20, ¢ = (m—k)eH 2B 120, 4y = 0 /244, 72 = a/2-p,
and g = \/k? + a?/4.

The Wronskian D = po(£)[w1(€)wh(€) — wi(€)w2(€)] does not depend on é:

D = pske®“=Fy 4 k + (u — k)e™**H]/pu.

The function M(z,£) in (1.10) has nine different representations, according to the layer in which the variables
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z and £ are present: for z > H, we have

k[bre~k(z+8) 4 pye~klz=¢l] (€ > H),
M(z,8) = 51_: e~kzrall) (e y 167728 4 e ME) (|€] < H),
T keklé-2) (€ < —H),
for |z| < H,
e~(ke+2a) (¢, y,eM% 4 cyype™2?) (€ > H),
M(z.€) = 1 —(e"“”/k)[axcl'yfe'“z—ne + azcpyder2r—mé
J 2b, —k?(agce®(2=82=mlz=El | g, cpe(z=0)/2+ulz=Ely] (€] < H),
—e*(ayy1eM7 + ayyee™??) (¢ < —H),
and for z < —H,
kek(z—8)=-2aH (&> H),
M(z,6) = o= d —ek=aH (arye € 4 azpe=n€) (Je] < H),
2b9
k[boeklz—¢l _ pyek(2+)] (€ < —H).

The solution of the eigenvalue problem (1.8) for this stratification is presented in detail in [9, 11]. We
give briefly the main results. The countable system of eigenfunctions Wy(z) has the form

e k2 (z> H),
Wa = A"Y2{ e22/2(Asinpyz + Beospy2) (|z| < H), (3.2)
Ce*s (z < —H),

where

e kH a 1 «@ ekl 1
A= 21 cos,ulH[Ca(k - -2—) B ;(k + 5)]’ B= 2cosp1H(Ca+ ;)’
C = o2 (k+ a/2 + picotanp H)/(k — a/2 + pycotanu; H) (uneven n),
(k+ af/2 — pytan py H) /(a2 — k + p1 tan p1 H) (even n);

o=eH2 4 = \/kz(N2/w2 — 1) — a?/4, and the normalization factor
2

2 .
A = pyN? [(A2 +BY)H + 22—#—’*— sin 2/11H].
1

The dispersion relations wyq (k) are determined by solution of the equation
tan 2u1 H = 2u10° /[k(N? — 2w2)]. (3.3)

Obviously, one of the solutions of this equation is the solution g3 = 0, which corresponds to wg/N =
2k//4k? + a? and is called the “zero mode” in [11]. It is possible that, it does not make a contribution to
the required solution only for one special value of k. For w < wp the value of 4; becomes imaginary, and Eq.
(3.3) has a unique solution, which describes the initial portion of the dispersion curve of the first mode for
not large k. For w > wy, the continuation of this curve is determined by the real values of p;.

From (3.3), we determine the behavior of dispersion relations in the limiting case of small &:

wp ~ ﬂl\/it'—, wy = ﬂnk (k - 0)
tanha H 2NH
(5= W[ 222, 5=
a \/02H2 + w2(n — 1)2

In analyzing this problem in the Boussinesq approximation, we replace the exponential density
distribution in the middle layer of the undisturbed state of the fluid (3.1) by the following linear distribution

(3.4)

(n > 2)].
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in a weakly stratified fluid:

2/(2 +¢) (z > H),
po(z) = ps{ 1 —vz/H (l=| < H),
2(1+¢)/(2+¢e) (z<-—-H).

In this case, the buoyancy frequency is also constant in the middle layer (N = ,/g/H ). The expressions
for the eigenfunctions and the dispersion equation can be obtained from (3.2) and (3.3) by setting a = 0. Notc
that from the dispersion equation in the Boussinesq approximation one can determine the explicit dependence
of the wavenumber on the frequency:

w r 2wV N2 — w2
e[t — ) + arctan ()] (0 < V),
1
kn(w) = 5 ) m(n—1/2) (w = N/V2),
w [ QW\/NZ —w?
\ ———m .Tl7l’ + arctan(m—-)] (w > N/\/Q—)

4. Slender Body of Revolution. In what follows we restrict ourselves to the case of vertical motion
of a source of constant intensity at velocity U. It is convenient to perform a shift in time and assume that the
moment the source intersects the coordinate origin is zero time. Then, the motion trajectory of the source is
written as y3(t) = y2(t) = 0, y3 = Ut, and r? = z% + y%, and the fluid flow becomes axisymmetric.

As is known, motion of a slender body of revolution along its own axis in an infinite homogeneous fluid
can be modeled by motion of a system of point singularities located continuously on the body axis (see, for
example, [2]). Suppose in the moving coordinate system z; = z, y1 = y, and z; = z — Ut, the equation of
body surface has the form r = f(z1). The function f(z1) is assumed to be even and bounded together with
the first derivative everywhere except in small vicinities of the end points, at which the derivative can have
singularities. Let a and b denote the half-width and half-length, respectively, of a slender body, ¢/b < 1.

The system of point singularities equivalent to this body has the following distribution on the z; axis
in the interval |z;| < b: q(21,t) = =27U f(21)f'(21) = =US'(z1), where S = 7 f? is the cross-sectional area of
the body.

Obviously, in a stratified fluid, this approximation models a body with a time-varying shape. It is
assumed, however, that for weak stratification these variations are small.

The total fluid pressure P caused by motion of this system of singularities is written as

b
P(r,z,t) = / q(s,t)p(r,z,t,s)ds.
-b
In this case, in relations (1.11) for p, one should set ¢(¢{) =1, y1 = y2 =0, and y3({) = s + U(¢.

After integration of the pressure over the surface, the vertical force R acting on the slender body is

defined by

b
R() = [ P(f(),n + UL, 8)S'(n) dn.
b

Without introduction of the Boussinesq approximation, the vertical force is the sum of two terms.
R = Ry + Ry, the first of which corresponds to motion of the body in a non-gravity fluid, and the second
describes wave action.

In the Boussinesq approximation, the vertical force is determined only by the wave component of the
pressure p; of the point source, since, in an ideal infinite homogeneous fluid, the body drag for translation
motion is equal to zero (d’Alembert’s paradox).

The final expressions for the vertical force acting on a slender body moving in a two-layer fluid have
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the form

Uty v (=08 " ,
Ry = —47{_/bpo(n+Ut)S(n)dn_/b P20+ (7 = O —*r_/bp(rzﬂft)sgn (n+ Ut)S'(n)dn

(In+ Ut} +|¢ + Ut))

g /b (F2(m) + (n + ULl + ¢ + U272 8" (C+ Ut)S'(C)dC}; (4.1)

. b
Ri=-2= /,, po(Ut +1) sgn (1 +Ut)S'(n) dy [ S'(¢)dg

t
/[sgn(C+UT ]d-r/kJo (kf(n))e=BUmtUHHIC+UT) oo 4y (¢ — 7) dE. (4.2)

—00
In a three-layer fluid without Boussinesq approx1mat10n

2 b [ee)

U ) , dk
Ro=-o- _/b po(n + Ut)S'(n) dn / §'(¢ 0/ T Jo(kf(m)Mi(n + Ut, ¢ + Ut) dk; (4.3)

2
R1=UN

/ po(n + Ut)S'(n) d / §'(¢) d¢ / po(¢ + Ur) dr

dk 2 '
/ 2 Jo(kf(n))w2®u(¢ + U)W (y + Ut) coswn(t — 7) (4.4)
0

(109 = 222D, 0y = /p()aG"(s S (s) ds].

In the Boussinesq approximation, relation (4.4) for the wave component of the vertical force is somewhat
simplified:

UN2 © r . T a(kf(n)
Ri = S'(n)dn [ S'(¢)d dr WL (¢ + U)W, U
E—/b(nn/ C/ / (¢ + Un)W,(n + Ut)
H
X cos wn(t — ) dk [w,.(g)= [ eHetsgm (s-g)W,.(s)ds]. (4.5)
-H

Note that [12] the energy losses due to the radiation of internal gravity waves by a given point source
of mass was determined in {12] using the Boussinesq approximation. From these results we can also calculate
the vertical fluid response caused by a distributed source, and for the problem considered we obtain

t

U dn/S' )d¢ / dT/k3 (¢ + Un)Wi(n + Ut) coswa(t — 7)dk.  (4.6)

I

For a slender body, the Bessel function in (4.4) and (4.5) can be considered approximately equal to 1. The
numerical calculations below are performed in the same approximation. It is not hard to show that, for the
fluid stratification studied, expressions (4.5) and (4.6) are identically equal.

5. Numerical Results. For specific calculations we chose bodies of three shapes with different degrees
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of sharpness at the end points:

JI=2/8 (B1),

f(z1) = aq cos(mz1/2b) (B2), (5.1)
(1 + cos(rz1/8))/2 (B3).

Spheroid B1 is a blunt body, body B2 has an acute apex angle, and body B3 has zero apex angle. The volumes
of these bodies at constant values of a and b are related to one another as 1:3/4:9/16. In the calculations we
assumed that a/b = 0.1.

The choice of body shape in the form of (5.1) yields simple density distribution models. In addition it
allows one to perform analytically some integrations in (4.2), (4.4), and (4.5) and reduce these expressions to
double integrals: with respect to 7 and k in (4.2) and with respect to k and 7 in (4.4) and (4.5).

The vertical force Ry = Rob?/(psa*U?) calculated by integration of (4.1) and (4.3) is shown as a
function of ¢ = Ut/b in Figs. la—c for bodies B1, B2, and B3, respectively, in a two- or three-layer fluid for
€ = 0.03. Curves 1 correspond to a two-layer fluid, and curves 2—4 to a three-layer fluid with thicknesses of the
middle layer H/b = 0.2, 0.5, and 1.5. As noted by Porfir’ev [5], in studies of motion of a body to a free surface
of a homogeneous fluid, the vertical force in a non-gravity fluid is always directed upward. Exact use of (4.1)
for a blunt body B1 always leads to an infinite value of Rg for |[U't/b] = 1 (see, for example, [5]). To eliminate
this feature in the calculations for body B1, the mass sources were distributed not over the entire interval
|z1] € b, but only between the foci of the ellipse |z1| < V/#? — a2, by analogy with the well-known solution on
modeling a spheroid in the axial flow of a distribution of dipoles [13]. Obviously, for a thin stratified layer, the
behavior of the vertical force is similar to that in the case of a two-layer fluid. With increase in the pycnocline
thickness, the maximum value of the vertical force decreases.

A comparison of the total vertical force R = Rb/(psga*) determined from (4.1) and (4.2) with that
arising in a non-gravity fluid for body B2 is shown in Figs. 2 and 3 for ¢ = 0.03 and 0.3, respectively. Figures
2a-c, and 3a-c are given for Froude numbers Fr = U//gb = 0.5, 1, and 2. The solid curves in Figs. 2
and 3 show the total force R, and the dashed curve shows an analogous dimensionless complex for the wave
component of the vertical force. The total work expended for wave generation in the vertical motion of a body
in a two-layer fluid is determined by Warren [2]. According to (2], for bodies of various shapes, the wave losses
are maximal for Fr ~ 1. These conclusions are supported by comparison of the maximum values of the wave
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Fig. 5

component of the force in Figs. 2 and 3. The body drag in a non-gravity fluid is proportional to Fr?. Hence,
it can be concluded that, for high body velocities, the weight of the fluid has an insignificant effect, and, for
Fr ~ 1, it dominates. For low velocities (Fr < 1), the effect of both factors are small. A comparison of Figs. 2
and 3 shows that the effects of the density difference in the dimensionless variables used is most marked for
the non-gravity component of the vertical force, and the wave component changes only slightly.

The wave load for a three-layer fluid, Ry = R1/(psa?N?), calculated in the Boussinesq approximation
using (4.5) or, what is the same, (4.6) is shown in Fig. 4a—c for body B1 for € = 0.03, Fr = 1 and thicknesses of
the middle layer H/b = 0.2, 0.5, and 1.5, respectively. In this problem,the contribution of various modes is of
interest. In the calculations, 20 modes were considered (curves 1). In the case of a thin pycnocline (H/b = 0.2),
the total load is determined primarily by the first mode (curves 2), and the contribution of the subsequent
modes is small. With an increase in the pycnocline thickness, the contributions of higher modes increase.
Figure 4c shows, aleng with the contributions of the first mode, the sum of the first five modes (curve 3).
Evidently, the wave load for the pycnocline thicknesses considered is determined primarily by lower modes.

Figure 5 shows the effect of the body shape on the wave component of the vertical force calculated
for ¢ = 0.03, H/b = 1.5, and Fr = 1 in the Boussinesq approximation. Curves 1 and 2 correspond to bodies
B2 and B3, respectively (similar results for body Bl are shown in Fig. 4c). Evidently, the maxima of the
magnitudes of the wave force are approximately proportional to the volumes of these bodies.

Determination of the wave component of the vertical load without introducing the Boussinesq
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approximation is quite laborious. However, the results of the numerical integration of (4.4) indicate that
the wave loads determined with and without the Boussinesq approximation practically coincide for relativels
small values of the density difference between the upper and lower layers (¢ € 0.3). This fact could have been
predicted by comparing the maximum phase velocities of the internal wave in the Boussinesq approximation
and without it. According to (3.4), the relative difference between the maximum phase velocities does not
exceed 1% in the indicated range of <. The difference between the wave forces calculated using (4.4) and (4.5)
did not exceed the indicated value.

The numerical results presented allow one to estimate the effect of a smooth pycnocline on various
components of the vertical force acting on a moving body.

The results considered can be used in studies of body motion in an arbitrary path in a stratified fluid.
and also in developing a numerical method of boundary elements for determining the pressure on the body
surface with exact satisfaction of the nonpenetration condition.

This work was partially supported by the International Science Foundation and the Government of

Russia (Grant JHX 100).
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